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Abstract: The structure of the two-phase ceramics can be considered as two concen-
tric spheres. The inner sphere, the grain and the outer sphere, the cladding, have radii Ry, R¢
and there material parameters are Eq, Ec (Young’s moduli), z4 , & (Poisson’s ratios) and ¢,
o, (coefficients of the linear thermal expansion). The expansion of such model during its heat-
ing can be solved as a thermoelasticity problem. If the material parameters are constant in the
considered temperature region and if Eq =~ E¢, 145 = 1 and o # o, then the final coefficient of
linear thermal expansion of the two phase ceramics depends only on the volume ratio of the
grain and the cladding.
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1 Introduction

Some ceramic materials can be considered two-phase solids. For example, sintered
quartz electrical porcelain contains quartz grains in glassy matrix [1]. We can visualize this
structure as consisting of two concentric spheres. The inner sphere, the grain, has a radius Ry,
and its material parameters are E4 (Young’s modulus), 14 (Poisson’s ratio) and ¢g (coefficient
of the linear thermal expansion). The outer sphere, the cladding, has material constants E. , s«
and o, and its radius is R.. We can solve the expansion of this model during its heating as
a thermoelasticity problem. If the temperature increase is small and inertial forces are negligi-
ble, then the temperature field and the stress field do not influence each other. We assume that
grain and cladding materials are homogeneous and isotropic, which means that a radial ther-
mal flow occurs. We also assume that the material parameters are constant in the considered
temperature region.

The formula for the coefficient of linear thermal expansion, given the above assump-
tions, is derived in this contribution.

2 Mathematical model
It follows from the assumptions described above, that the displacement vector u has only a
radial component u,. Deformations in a simple sphere along the spherical coordinates are [2]
ou, 1

& = , &g=—U., ¢&,=0
" or Yy v
and shear deformation is
1 ou,
Erg =5 =Y,
2r 09

because the radial displacement u, does not change along the tangential direction. One can see
that deformations are only in the radial and tangential directions. We can use these results for
a simple sphere [2]. The radial stress in the grain is
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E c 2E_cC 2E 0
oCa1 92 1 g isj.ggfrzdr, for O<r<R,, 1)
1_ﬂg r 0

1-2p, l+p, v
and tangential stress is
EyCy ~ E,Cq, 1 E &y

3

jg r’dr, for 0<r<R,, )
1-2p, 1+p,r° 1-p, 1 ,ug 5
and radial component of the displacement vector is

1+ “

. ﬂgizjggfrzdr, for 0<r<R, . (3)
“Hy Ty

The value &g is a free deformation during the temperature change. This deformation can be

calculated using the equation

&y =jag dt ,

O g (r) =

1
Ugy(r)=cyr+cy, r_2+

thus integral in Egs. (1), (2), (3) can be written as
rt 3
JIag r2dr dt = agAtr3 ,

01,

where At=t—t, is atemperature difference between initial temperature t, and actual tem-

perature t.
For the cladding we have

E 2E t
o (r) = oL oCer 1 L J.g r’dr ,for R, <r<R_, (4)
1-2u, 1+p, r* 1-p 1]
E.c E.c E.e E f
O (r)=—° °°2i3— Al 13Ig r’dr, forR, <r<R_, (5)
1_2ﬂc 1+:uc 1_ﬂc 1_zuc r Ry
Lt
u.(r)=cyr+c,, r2 1 /JCJ' g, ridr , forR, <r<R_, (6)
and the integral in Egs. (4), (5), (6) is
3 _p3

rt ) r Rg
'”ac redr dt = o At .
Rgto 3

Constants Cg1, Cg2, Cc1, Cc2 Can be calculated from the boundary conditions. The bound-
ary conditions on the surface between the grain and cladding (r = Ry) and on the surface of
the cladding (r = R;) are [3]
u,(0=0, u,(R))=u,(R,), o4,(R)=0.(R;), o.(R)=0". (7
Substituting Egs. (1), (3), (4) and (6) into the boundary conditions (7) we obtain four equa-
tions

1 o2 s
Irm cglr+cgzr—2+B—grz 3 r’=0, (8)
DR, a At C.
CuRy + é 9 g =CyR, +—2, 9)
g g
a, At 2B,
A,c, —2D, 2 =AcC, — 3 e (10)
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2B, R —R? g At
Acccl R3 Ceo — Rf 3
where we introduced abbreviated designations

E, E, E E, E E,
Ag AC_ !Bgzingzi!D: & )D:

2D, =0,

1-2u, 2,ug 1-2u4, 1+ u, 1+, S 1- ©l-p,
By solving these equations we obtain the constants Cg1, Cg2, Ce1, Cc2 :
2B 2D. a At 2D, o At
Cu=— 5 (V=1c, +@1-v)="° GOt ST T (11)
AR, A, 3 A, 3
=0, (12)
2D, a At
= o % ! (13)
A 3
A.D,
2D, (1-V)(A, - A)a, - 8 (A, +2B,)a,
Cop = 2 At RS, (14)
2AB.(v-1)-2A,B.v-A A 3

where we introduced the quantity v=RZ/R; representing part of grain in the whole model
volume.

Let us take a model with Eq~ E¢, 14y = e and oy # o . Then Ay = A=A, By =B =B
and Dy = D. = D. Eq. (14) becomes

D

Cop = 3—BagAtR; (15)

and from Eqgs. (11) and (13) we have

Cy =Cy = Lz?,,EA)At[V% + (1—v)ac] . (16)
The radial displacement uy in the grain (following from Egs. (3), (15) and (16)) is

U,y (1) = zit {A +52 N, - 20 v)ac} 17)

and for the radial and tangential stress we have from Egs. (1), (2), (15) and (16)

oy =0y =28 ra)a-v), (18)

which means that the grain was exposed to hydrostatic pressure. The cladding does not allow
free expansion of the grain.
The radial displacement in the cladding is

DAt|(2rv  R{ 2r r 2rv  R;
u = + |+ = 19
«(1)= [[A Berag (A B A BrZ° (19)
as it follows from Egs. (6), (15) and (16). The radial and tangential stress is
2DAt(  R;
Grc( )_[ _rgJ(ag _ac) ) (20)
DAt R;
o4 (T )—( +r§j(ag —a). (21)
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Egs. (20) and (21) show that the stress on the boundary between the grain and the cladding
does not depend on the grain radius.

Let us change now the model described above with a homogeneous sphere made of
fictive material with coefficient of the linear thermal expansion o The size of this sphere at
the temperature to is the same as the composite sphere, i.e. its radius is R.. Both spheres are
equivalent if their radial displacements are equal at the temperature t
{U rg (Rg ) + urc (Rc )}comp.sphere = {ur (Rc )} fict.sphere !
where {u, (RC)}ﬂct_Sphere can be calculated from the equation similar to the Eq. (3) and boundary

conditions ur(0) =0, o, (R.)=0. Then we obtain

R} Ry
D a_'_ 93 a, + g(l—v)+l 1——2 a, RCMZZD(1+1ch“fAt

and after mathematical modifications
a; =Va, +[1-V)a, . (22)
In the simple case when material parameters of the grain and the cladding are the same
except for the coefficients of linear thermal expansion, the final coefficient of linear thermal
expansion depends only on the volume ratio of the grain and the cladding.
We note that Eq. (22) satisfies the extreme cases: if v = 1 (model contents only grain),
we have a; =a, and if v =0 (model contents only cladding), we have a; =« .

3 Conclusions

The structure of the two-phase ceramics can be considered as two concentric spheres
model. The expansion of such model during its heating can be solved as a thermoelasticity
problem. If the material parameters of the inner sphere and outer sphere are constant in the
considered temperature region and if there elastic moduli and Poisson’s ratios are very close
to each other and the coefficients of the linear thermal expansion are different, then the final
coefficient of the linear thermal expansion depends only on the volume ratio of the inner and
outer spheres.
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